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Optimum Placement of Piezoelectric SensorActuator
for Vibration Control of Laminated Beams
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Pohang University of Science and Technology, Pohang, Kyungbuk 790-784, Republic of Korea

The optimum placement of a collocated piezoelectric sensor/actuator is investigated numerically and verified
experimentally for vibration control of laminated composite beams. The finite element method is used for the
analysis of dynamic characteristics of the laminated composite beams with the piezoceramic sensor/actuator. The
damping and the stiffness of the adhesive layer and the piezoceramics are taken into account in the process of
finite element modeling. Tailoring that varies the stiffness and the damping properties of the composite material
is used. The stacking sequence of the laminated composite beam is [04/02/902l?, where 0 = 0,15,30,45,60,75,
and 90 deg. The sensor/actuator attached to a structure changes the mass, the damping, and the stiffness of the
entire structure. Thus, interaction between sensor/actuator and structure is very important in the vibration control
of a flexible structure. Modal damping (2£u;) is chosen as a more appropriate performance index, because it is
directly related to the settling time of the vibration. The structural damping index (SDI) is defined from the modal
damping. Weights for each vibrational mode are taken into account in the SDI calculation. The optimum location of
the sensor/actuator is determined as the point where the SDI is maximum. Numerical simulation and experimental
results show that the SDI depends on outer-layer fiber orientations of the host structure, the location, and the size
of the sensor/actuator.

Introduction

P IEZOELECTRIC sensors/actuators have been widely used in
structural vibration control. In the case of piezoceramics, de-

pending on the applied voltage to the piezoceramics, the electrome-
chanical coupling of the forcing transducer to the structure, and
the location of the piezoelectric transducers, a degree of vibration
control of flexible structures can be considered. Because proper se-
lection of number and location of the piezoelectric sensors/actuators
is critical to control structural vibration efficiently, determining the
optimum placement of piezoelectric sensors/actuators for vibration
control is one of the key issues to address. To select sensor/actuator
locations to control flexible structural systems, several concepts per-
taining to the degree of controllability/observability and cost analy-
sis have been developed.1'2 These methods are shown to yield less
effective results for vibration damping in structures because their
concepts are focused on stiffness.

Several studies regarding placement of the actuators for vibra-
tion and acoustic control are available.3"7 A common feature of
all of these studies is ignorance of the inherent damping of the
structure when using piezoelectric sensors/actuators in the formula-
tion. When a piezoelectric sensor is used as a strain-rate sensor, the
piezoelectric actuator increases the damping of the entire system.
Therefore, the damping must be taken into account in the formu-
lation of optimal placement of the sensor/actuator. Most research
using piezoceramic sensors/actuators has taken into account only
the stiffness of the piezoceramics but has not considered the damp-
ing and the stiffness of the adhesive layer and the piezoceramics
at the same time.8'9 Ignoring damping by the adhesive layer and
the piezoceramics leads to discrepancy between measurement and
prediction. The dynamics of direct-contact-type sensors and actua-
tors permit a wide frequency range of control. But this method adds
mass to the structure so that the structural model needs to be modi-
fied to take into account the mass of the sensors and the actuators. In

addition to changing the mass, it changes the damping and the stiff-
ness of the structure. To analyze the performance of the controlled
structure, the designer should consider the effects of changes in
the mass, the damping, and the stiffness by addition of the sensor
and the actuator in the structural analysis and the control system
design.

The optimum placement for structural vibration control of lam-
inated composite beams with a piezoceramic sensor and actuator
bonded on the surface of the beam is investigated numerically and
verified experimentally for various fiber orientations. The piezo-
electric sensor/actuator is collocated to guarantee stability. Damp-
ing and stiffness of the adhesive layer and the piezoceramics are
simultaneously taken into account in the finite element formulation.
Modal damping 2£co is chosen as a performance index of struc-
tural vibration, whereas most other research has used the damping
ratio £ as the index. The damping ratio represents only a measure
of the amplitude decay during one cycle, but the modal damping
takes into account the damping ratio as well as the natural fre-
quency. The structural damping index (SDI) is defined from the
modal damping. Weights for each vibrational mode are taken into
account in the SDI calculation. The optimum location of the sen-
sor/actuator is determined as the point where the SDI is maximum.
The effects of the size of the sensor/actuator on the SDI are also
investigated.

Method
Laminated composite beams with a piezoceramic sensor/actuator

are modeled as two-dimensional plates. Hamilton's principle is used
to derive the equation of motion for the plate:

r*i
] [T~Jti

U + W] dr = 0 (1)
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where T is the kinetic energy, U is the potential energy, and W is the
work done by the external forces. The piezoceramic sensor/actuator
layers and the adhesive layers are treated as other layers with dif-
ferent material properties in deriving the kinetic and the potential
energies.

When the beam is not very thin and not very long, the vibrational
response is transmitted dominantly in flexural-type motion, and the
vibrational flow in wave-type motion can be ignored. Thus the in-
plane displacements can be ignored when only transverse vibration
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is considered. The displacement vector u and the strain vector e are
expressed as

u = 3w
zfc

W

(2)

e =

aft*
= ZK (3)

where w is the transverse displacement, ftx and fty are the rotations
about the x and y axes, and K, is the curvature vector. The kinetic
energy T is defined as

' = / -piiTudv
Jv 2

(4)

where p is the density and v is the volume of the structure.
The strain energy of the laminated plate is derived from the classic

laminated-plate theory.10 When the potential energy for each layer
is summed up in the z direction, the total strain energy becomes

U = - I K
2JA

TDKdA (5)

where A is the area; D is the flexural stiffness matrix of an aniso-
tropic plate and is expressed as

(6)

where zt and Zk -1 are the distances from the midplane of the lami-
nate to the top and the bottom of the &th lamina.

The work done by external forces is

(7)
i = l

where/(*/) is the force vector acting at#,, M(JC/) is the displacement
vector at */, and n/ is the number of forces.

The displacement u and the curvature « are expressed in terms
of nodal displacements with the shape functions using a four-
node, 12-degree-of-freedom quadrilateral plate-bending element, as
follows11'12:

u = Wuqe (8)

* = V*qe (9)
where *J>M and VK are the interpolation functions for u and /c, respec-
tively, and qe is the element nodal displacement vector. Substitution
of energy expressions into Eq. (1) yields the equations of motion
for the system in terms of nodal displacements:

(Ms MP)q + (Ks KP)q = FExt

where

elem

MB =
elem

MP =
clem

(10)

(Ha)

(lib)

(lie)

(lid)

nf

(lie)

( l l f )

(Hg)

and the subscripts 5, B, and P represent the main structure, the
adhesive layer, and the piezoceramic materials, respectively.

Damping in the fiber direction is low and damping in the trans-
verse direction is very high because of the characteristics of the poly-
meric matrix. The damping properties of the composite materials
exhibit anisotropic characteristics and can be controlled by chang-
ing the fiber orientations and the stacking sequences. We analyze
the damping of the laminated composite beams using the concept
of specific damping capacity (SDC) suggested by Lin et al.13 The
dampings of the adhesive layer and the piezoceramic sensor/actuator
are considered in the system modeling.14 The SDC (p can be
rewritten as

qTKDq
(12)

where

= J2 f
elem JA

and KD is the damped stiffness matrix. The SDC can be derived for
each vibration mode, which is called the modal SDC. When the ith
mode shapes are replaced by q in Eq. (12), the /th modal SDC can
be obtained. The modal damping matrix C can be derived from the
modal SDC as

C =

where

(14)

(15)

In Eq. (15), 2f/ is the damping factor of the /th mode and (p\ is the
SDC of the ith mode.

The equation of motion of a structure with multiple degrees of
freedom in active contol is expressed in discretized form as

where

FP = Dauc

(16a)

(16b)

and q(t) is the n x 1 displacement vector, M(—MS + MB + M/>) is
the mass matrix, C is the structural damping, K(=KS + KB + KP)
is the stiffness matrix, FExt is the external force vector, Da is the
actuator influence matrix, and uc is the control input to the struc-
ture. The Dauc are the electromechanical forces generated by the
piezoelectric actuator. The initial conditions are

0(0) = 0o, 0(0) = 0o

We introduce the modal coordinate transformation as follows:

q(t) = (17)

where <$ is the open-loop modal matrix obtained by solving the
eigenvalue problem associated with the nominal mass and stiffness
matrices and rj(t) is the n x 1 vector of modal coordinates.

The transformed equation of motion becomes

elem ^ AS = FE Duc (18)
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where the transformed modal space mass, damping, stiffness, ex-
ternal forces, and control influence matrices are, respectively, given
by

M =

C =

K =

= $>TDa

(19a)

(19b)

(19c)

(19d)

(19e)

The first-order state-space form of the system equations equiva-
lent to Eq. (18) is

x = Ax + Buc + B() (20)

where

A =

ft, = -

-ra
en

In Eq. (20), the state vector x(t) e R2n, control vector uc(t) e Rm,
and the system matrix A and the control influence matrix B may
contain time-vary ing elements. The control input with feedback gain
of G(f) i s

uc = -Gx (21)

When the piezoceramic sensor picks up the strain rate of the struc-
ture, the actuator functions to increase the modal damping (C) of
the system matrix A in Eq. (20). That is, the structural vibration con-
trol using the piezoceramic sensor/actuator increases the damping
of the structure. Total modal damping of the structure is composed
of inherent modal damping, C, and active modal damping, Ca, ac-
tuated by the control input. Inherent damping means the damping
of the structure with no control input, namely, passive damping.
From the viewpoint of structural control, inherent damping is very
important for vibration control as well as for free vibration. If the
inherent damping of each vibration mode is large, the same control
performance can be achieved using smaller control efforts.

The SDI is defined by taking into account the modal damping and
the contribution of each vibrational mode. The expansion theorem
is used to determine the weighting factor of each mode to the total
response of the structure, because the displacement in structural
vibration can be expressed as the superposition of every vibrational
mode. The given initial displacement qQ can be expressed as

#o = (22)

In Eq. (22), cr is the weighting factor for each mode, N is the number
of lower modes that is taken into account, and & is the mode shape.
The SDI is defined as

SDI = (23)

Six lower modes are considered in this investigation. The optimum
location of the sensor/actuator is chosen at the point of maximum
SDI value.

Results and Discussion
Optimum placement of the piezoelectric sensor and actuator for

vibration control of the carbon-epoxy laminated composite beams
is investigated with stacking sequences of [04/02/902L, where
9 = 0, 15, 30,45, 60, 75, and 90 deg. The beam specimen is made of
carbon prepreg (CU125NS). The direction of the beam length is cho-
sen as 0 deg of fiber orientation. The thickness of the carbon prepreg
is 0.125 mm, and the size of the specimen is 230 x 20 x 2 mm.

Table 1 Mechanical properties of carbon-epoxy
laminates (CU125NS)

Property

Young's modulus in fiber direction
Young's modulus in transverse direction
Shear modulus
Poisson ratio
Volume density
Damping capacity in fiber direction
Damping capacity in transverse direction
Damping capacity in shear direction

Symbol

Ei
E2
Gn
V12
P

<PS1
9S2

<PS12

Value

114.7x 109Pa
7.589 x 109 Pa
4.77 x 109 Pa

0.28
1510 kg/m3

0.013966
0.049120
0.074344

Table 2 Mechanical properties of piezoceramics

Property

Piezoelectric constants

Piezoelectric voltage constants
Relative dielectric constants

Young's modulus

Damping capacity

Damping capacity in shear direction

Symbol

«i
d33
dis
£31

£ll/£Qa

S33/CO
En£33£55
<PPI
<PP2

<PP12

Value

-260 x 10-12C/N
540 x 10~12C/N
750 x 10~12C/N

-8.7 x 10~3 m2/C
3100
3400

59 x 109 Pa
52 x 109 Pa
21 x 109 Pa
0.0748644
0.0748644
0.1061625

aeo is the permittivity of free space [=1/(367T x 109) F m"1].

Table 3 Mechanical properties of adhesive layer

Property

Young's modulus
Volume density
Poisson ratio
Damping capacity

Damping capacity in shear direction

Symbol

EB
PB

VB12
<PBl
<PB2

<PB12

Value

1.78x 109Pa
1050 kg/m3

0.3
0.049120
0.049120
0.049120

Sensor Beam

Actuator

Feedback
with gain -G

Fig. 1 Beam with piezoceramic sensor/actuator.

Table 1 shows the mechanical properties of the carbon-epoxy lami-
nates. The damping properties <ps\, <p$2, and (psn are measured using
the impulse technique. The finite element method is utilized to model
the system, and the finite element model of the beam consists of 46
elements with 72 nodes. The modal coordinate transformation is in-
troduced and the dynamic characteristics of the lower six modes in
the composite beams are analyzed. The beam with the piezoceramic
sensor/actuator is shown in Fig. 1. The width and the thickness of
the piezoceramics in Fig. 1 are 20 and 0.5 mm, respectively. The
basic mechanical properties of the piezoceramics are summarized in
Table 2 (Ref. 15). The adhesive material used to attach the piezoce-
ramic sensor/actuator to the beam is cyanoacrylate adhesive.16 The
material properties of the adhesive layer are summarized in Table
3. The measured thickness of the adhesive layer is 0.05 db 0.01 mm.
The damping capacity of the adhesive layer can be thought of as
isotropic.
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Table 4 Effects of piezoceramic sensor/actuator on the dynamics
of the entire structure

Case la Case 2b

Mode« fn fn

1
2
3

0.001113
0.001113
0.005565

52.875
332.09
412.87

0.002284
0.002138
0.005671

66.315
373.54
523.06

aNo piezoceramics are bonded.
bPiezoceramics are bonded on the specimen.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time(sec)

Fig. 2 Time history of free vibrations.

-Prediction
• Prediction w/o Damping

30 45 60

Outer Layer Fiber Orientation(deg)
75 90

Fig. 3 Damping ratio vs outer-layer fiber orientation with lead zir-
conate titanate (PZT).

The damping and the stiffness of the beams are controlled by
changing the fiber orientation in the outer layer. Figure 2 shows free
vibrations of the [154/02/902ly specimen and the [304/02/902L
specimen without piezoceramics. In Fig. 2, the amplitude at the
tip of the [154/02/902].y specimen decayed faster than that of the
[304/02/902}v specimen by 13.0% when the vibrational amplitude
was measured after 1 s, although the damping ratio £ of the former
is smaller than that of the latter by 10.6%. From this, it can be said
that modal damping is a more appropriate parameter of vibration
suppression performance.

Attaching piezoceramics to the structure as a sensor and an ac-
tuator changes structural parameters such as mass, damping, and
stiffness of the main structure. Table 4 shows the effects of the piezo-
ceramic sensor/actuator on the dynamics of the entire structure in
the case of the [04/02/902L beam with and without a piezoceramic
sensor/actuator whose length is 50 mm. The damping ratio and the
natural frequency of each vibrational mode change as the piezoce-
ramic sensor/actuator is attached to the beam. Measurements of the
damping ratio, the fundamental frequency, and the modal damping
of the first bending mode are carried out using the impulse tech-
nique to verify the validity of the finite element formulation. Figure 3
shows the damping ratio of the beams with the piezoceramics whose
length is 50 mm and whose center is 35 mm away from the clamping
side of the beam. The damping ratio of the beam with piezoceramics
is maximum at fiber orientation of [304/02/902].y and minimum at
fiber orientation of [04/02/902],. In Fig. 3, the predicted damping
ratios, with which we have taken into account both the damping
and the stiffness of the adhesive layer and the piezoceramics, are in
good agreement with the measured values. However, the prediction

—— Prediction
• - • • Prediction w/o Damping
o Measurement

30 45 60
Outer Layer Fiber Orientatbns(deg)

75 90

Fig. 4 Fundamental frequency vs outer-layer fiber orientation with
PZT.

2.5

2

1.5 \

0.5

0

—Prediction
- - - Prediction w/o Damping

> Measurement

15 30 45 60

Outer Layer Fiber Orientation(deg)

Fig. 5 Modal damping with PZT.

75 90
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Lx)cation(mm)

Fig. 6 SDI for various outer-layer fiber orientations (sensor/actuator
length = 50 mm): ——, 0 deg; ——,15 deg; - - - -, 30 deg; - - - -, 60 deg;
and o, 90 deg.

without damping, in which the damping and the stiffness of the adhe-
sive layer and the damping of the piezoceramics are ignored, shows
a large discrepancy between the prediction and the measurement.
The predicted values are connected with a line smothly. Figure 4
shows the fundamental frequency of the beams with piezoceramics.
From these data, one can realize that the stiffness of the adhesive
layer does not affect the total structure very much. Figure 5 shows
the modal damping 2(o) of the first bending mode of the beams
with the piezoceramics. The measured modal damping agrees very
well with the predicted value when the damping and the stiffness of
the adhesive layer and the piezoceramics are taken into account. A
significant discrepancy also occurs when the damping and the stiff-
ness of the adhesive layer and the damping of the piezoceramics are
ignored in the system modeling (prediction without damping).

The SDI depends on the location of the sensor/actuator for a fixed
length of the piezoceramics. The SDI for various outer-layer fiber
orientations of the beams is plotted in Fig. 6. The sensor/actuator is
collocated and its length is 50 mm. The SDI is very sensitive to the
location of sensor/actuator and the fiber orientations. A beam with
higher stiffness is more sensitive to the sensor/actuator location than
a beam with lower stiffness. The [04/02/902]>s specimen has higher
SDI than the [154/02/902}s specimen when the sensor/actuator lies
closer to the clamping side of the beam. But as the position of
the sensor/actuator moves farther away from the clamping side of
the beam, the [154/02/902].y specimen shows a higher SDI than
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Fig. 7 SDI for optimal locations (sensor/actuator length = 50 mm).
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Fig. 10 SDI for optimal locations (sensor/actuator length = 25 mm).
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Fig. 8 Experiment on locations (sensor/actuator length = 50 mm).
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Fig. 9 SDI for various outer-layer fiber orientations (sensor/actuator
length = 25 mm): ——, 0 deg; ——,15 deg; - - - -, 30 deg; - - - -, 60 deg;
and o, 90 deg.

the [04/02/902].y specimen. Figure 7 shows the SDI for optimum
locations of a 50-mm-long sensor/actuator. The [04/02/902L spec-
imen has the maximum SDI for the optimum location. It can be
said that a beam with higher stiffness works better than a flexible
beam. The experimental results of the [604/02/902}9 specimen at
the sensor/actuator locations are shown in Fig. 8. The active modal
damping of the first bending mode is measured because the first
bending mode is dominant in the beam vibration. Experimentally
measured active modal damping values agree with the calculated
SDI values.

The size of the piezoelectric sensor/actuator also can affect the
SDI. Figure 9 shows the SDI for various outer-layer fiber orienta-
tions of the beams with a 25-mm-long piezoelectric sensor/actuator.
The [154/02/902}y specimen has a higher SDI than any other fiber
orientation beam for all locations. The beam with higher stiffness is
more sensitive to the locations of the sensor/actuator. Figure 10
shows the SDI for optimum locations of the 25-mm-long sen-
sor/actuator. The [154/02/902}y specimen has the maximum SDI
for the optimum locations. Figure 11 shows the SDI for various
outer-layer fiber orientations of the beams with the piezoelectric
sensor/actuator of 10-mm length. Again, the [154/02/902}y speci-
men has higher SDI than any other specimen for all locations, and
a beam with higher stiffness is more sensitive to the locations of the
sensor/actuator. Figure 12 shows the SDI for optimum locations of
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0
5 25 45 65 85 105 125 145 165 185 205 225

Location(mm)

Fig. 11 SDI for various outer-layer fiber orientations (sensor/actuator
length = 10 mm): ——, 0 deg; ——,15 deg; - - - -, 30 deg; - - - -, 60 deg;
and o, 90 deg.
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Fig. 12 SDI for optimal locations (sensor/actuator length = 10 mm).

the 10-mm-long sensor/actuator. The [154/02/902}y specimen has
the maximum SDI for the optimum locations.

Conclusions
The optimum placement of the collocated piezoelectric sensor/

actuator for controlling vibration of laminated composite beams
is investigated numerically and verified experimentally. The finite
element method is used to predict the structural characteristics of
the laminated composite beams. The following conclusions have
been drawn.

A systematic and quantitative method for the optimum placement
of the sensor/actuator is proposed for the vibration control of the
laminated composite beam. The SDI, which has taken into account
the modal damping and the contribution of each vibrational mode,
is a good criterion for determining the optimum location of the
sensor/actuator because it is based on the inherent damping of the
structure.

The numerical simulation and the experimental results show that
the SDI depends on the stiffness of the host structure, the location
of the sensor/actuator, and the size of the sensor/actuator.

The modal damping 2£&> is a more appropriate performance in-
dex of vibration suppression than the damping ratio £, from the
viewpoint of structural control. The damping ratio represents only
the amplitude decay during one cycle, but modal damping takes into
account both the amplitude decay and the settling time.
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